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A Hausdorff space each subspace of which is a paracompact p-space is an F,,-space. A space 
X is a closed hereditary Baire space if each closed subspace of X is a Baire space. Using a 
delicate theorem of Z. Balogh it is shown that a first-countable F,,,-space that is a closed hereditary 
Baire space is metrizable. 
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Introduction 
In [l] A.V. Arhangel’skii defined an F,,-space to be a Hausdorff space each 
subspace of which is a paracompact p-space. The notion of a p-space was originated 
in [2] and has been studied extensively. Metrizable spaces are obviously F,,-spaces 
and the one-point compactification of an uncountable discrete space is a non- 
metrizable F,,-space. It is natural to ask under what conditions is an F,,-space 
metrizable. An early result [4] in this direction asserted that a generalized ordered 
space (= subspace of a linearly ordered topological space) is metrizable provided 
it is an F,,-space. 
In this paper a metrization theorem for F,,-spaces is obtained using the concept 
of a closed hereditary Baire space. This concept is introduced only as a technical 
tool to achieve the desired result and not as a concept particularly worthy of study 
by itself. The other principal tool used is Z. Balogh’s delicate structure theorem 
for non-metrizable F,,-spaces [3]. 
1. Preliminaries 
Balogh’s basic structure theorem for non-metrizable F,,-spaces uses the concept 
of the Alexandroff duplicate A(T) of a topological space T. This description of 
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A(T) is due to R. Engelking [5]. Given a space T, let T’ be a disjoint copy of T 
and let A(T) = T u T’. For each t E T, let t’ be the corresponding element of T’ 
and S c T, then let S’ = {t’] t ES}. Let r be the topology on A(T) generated by the 
bases 9 ={{t’}jt’~ T’}u{Uu(U’-A’)IU is open in T and A is a finite subset of 
T}. The resulting topological space (A(T), T) is the Alexandroff duplicate of T. 
Where no confusion arises we simply write A(T) instead of (A(T), 7). 
Notice that if S c T CA(T), then p is a limit of S if and only if p is a limit point 
of S’(E). 
A space X is of Q-type if each subset of X is an F,-set and X is not c-discrete. 
Let N denote the set of natural numbers and assume all spaces are T3-spaces. 
If A c X, let cl(A, X) denote the closure of the set A in X. If P is a collection of 
subsets of a space X and x E X, let st(x, P) = U{p E P Ix E p}. 
The following theorems concerning spaces of Q-type is needed for our theorem. 
1.1. Theorem. If S is a metric space of Q-type, then S contains a closed set T of 
Q-type such that T contains no isolated points. 
Proof. Let R = {x E S/there is an open set U, containing x that is a r-discrete set}. 
Since R is open, T = S -R is a closed set with no isolated points. Since S is 
hereditarily paracompact and perfect, R = S - T is a c-discrete set in S. If T was 
v-discrete, then, since S is paracompact, S would be c-discrete. Thus T is of Q-type. 
1.2. Theorem. A metrizable Baire space without any isolated points is not of Q-type. 
Proof. Let X be a metrizable Baire space without isolated points and let D = 
U{D” In EN} be a g-discrete dense subset of X. Suppose X is of Q-type. Then 
X-D=U{FII] n EN} where each F, is closed in X. Each F, is nowhere dense since 
if F,, contained an open set, then F, nD # 0. Thus X-D is of the first category 
and, hence, so is X. This is a contradiction since X is a Baire space. Thus X is not 
of Q-type. 
A space X is a closed hereditary Baire space if each closed subset of X is a Baire 
subspace. It is easily seen that compact spaces and Cech-complete spaces are closed 
hereditary Baire spaces. 
A topological space Y is a p-space provided that for some Hausdorff com- 
pactification Z of Y there is a sequence PI, Pz, . . . of collections of open subsets 
of Z, each of which covers Y, such that if y is any element of Y, then n{st(y, Pi) 1 i E 
N} is contained in Y. The sequence PI, Pz * * . is called the feathering in Y [2]. 
2. A metrization theorem for F,,-spaces 
In [3] Balogh proved the following delicate theorem: 
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2.1. Theorem [3]. A first-countable F,,-space is metrirable if and only if it does not 
contain a subspace homeomorphic to the Alexandroff duplicate of a metrizable space 
of Q-type. 
This result is crucial in obtaining our main result. Note that in certain axiomatic 
systems such as V = L there are no spaces of Q-type. Thus in such a system there 
is no need to prove our main result. 
The following lemma is also needed to prove the main result. 
2.2. Lemma. If the Alexandroff duplicate of a space M has a sequence {G, j n E N} 
of open coverings such that for each x’ EM’, n{st x’, G,) 1 n EN} c M’, then M is 
u-discrete in M. 
Proof. Without loss of generality let each element of G = U{G, 1 n EN} be a basic 
open subset of A(M). Thus it follows that if x’ E g E G and g nM f 0, then x E G. 
For each x EM let n(x)=min{kENlx&st(x’,Gk)} and let MI, = 
{x’EM’ln(x)=k}. W e will show that MI, is discrete in M for each k EN. 
If x’ E (ML n st(M, Gk)), then there exists g E Gk such that x’ E g and g n M # 0. 
Thus x E g and so x E st(x’, Gk) = st(x’, G,(,J. From this contradiction it follows 
that ML n st(M, Gk) = 0. Hence cl(M;, A(M)) c ML. Thus cl(Mk, A(M)) c Mk and 
M = UMk 1 k EN} is a-discrete in M. 
2.3. Theorem. A first-countable F,,-space that is a closed hereditary Baire space is 
metrizable. 
Proof. Let 2 be a first-countable F,,-space that is a closed hereditary Baire space 
and suppose 2 is not metrizable. Using Theorem 2.1 2 contains a homeomorphic 
copy of A(S) for some metric space S of Q-type. Without loss of generality let 
A(S) c 2. Using Theorem 1.1 we may assume S has no isolated points. 
If we let X = cl(A (S), 2) it follows that S’ is dense in X. Since Z is an F,,-space, 
the dense subspace X -S has a feathering {G, 1 n E N} in X. Let 
r=S-flUGnI nEN} and M=(n{UG,InEN})nS. 
It follows that S is the pairwise disjoint union of T and M. Using Lemma 2.2 we 
see that M is a-discrete in M. Let M = U{Mk 1 k EN} where each Mk is u-discrete 
in M. Since S is of Q-type and each Mk c S it follows that Mk = U(F(k, i) 1 i EN} 
where each F(k, i) is closed in S. Hence M = U{F(k, i) 1 (k, i) E N2} is r-discrete in 
S. If T was also a-discrete in S, then S itself would be m-discrete. This cannot 
happen since S is of Q-type. Since T c S it follows that T = U{H(n) 1 n EN} where 
each II(n) is closed in S. There must exist n EN such that II(n) is not (+-discrete 
or else T would be g-discrete. Hence H(n) is a closed, hence, Baire subspace of 
metrizable S that is not a-discrete. Thus II(n) is of Q-type but this is a contradiction 
to Theorem 1.2. Thus Z is metrizable. 
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2.4. Corollary. A first countable F,,-space that is compact or 6ech complete is 
metrizable. 
Since the one-point compactification of an uncountable discrete space is a 
non-first-countable FPP -space we see that first-countability is needed in 
Corollary 2.4. 
A covering axiom weaker than compactness like the Lindelof property cannot 
be substituted in Lemma 2.2 in place of the closed hereditary Baire property as 
the following example shows. 
2.5. Example. Let T be a Q-set in [0, l] with the usual topology. (The set T exists 
in MA+-CH). Then A(T) is a Lindeliif, first-countable non-metrizable F,,-space 
[3]. It is also worth noting that A(T) is the perfect image of the linearly ordered 
topological space X = {(t, i) 1 i E (0, :, l}, t E T} equipped with the relative topology 
from the lexicographic ordering of the unit square. 
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